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Let G = (V, E) be a simple connected graph with vertex set V and edge set E. The
Wiener index W(G) of G is the sum of distances between all pairs of vertices in G, i.e.,
W(G) = Z{u,u}gG dg (u, v), where dg (u, v) is the distance between vertices u and v
in G. In this paper, we first give a new formula for calculating the Wiener index of an
(n,n)-graph according its structure, and then characterize the (n,n)-graphs with the first
three smallest and largest Wiener indices by this formula.
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1. Introduction

All graphs in this paper are simple, finite, and undirected. The vertex and
edge sets of a graph G are V(G) and E(G), respectively. The number of vertices
of G is denoted by n(G) and it is called the order of G. The distance dg(u, v)
between vertices u and v in G is the number of edges on a shortest path con-
necting these vertices in G. The distance of a vertex v € V(G), denoted by
dg(v), 1s the sum of distances between v and all other vertices of G, i.e., dg(v) =
ZXGV(G) dg (v, x). The Wiener index of G, denoted by W(G), is defined as

1
WG = > dewv) =5 >, do). (1)

{u,v}CV(G) veV(G)

The Wiener index is usual in chemical literature, since Wiener [1] in 1947
seems to be the first who considered it. Wiener himself used the name path num-
ber and conceived W only for acyclic molecules. The definition of the Wiener
index in terms of distances between vertices of a graph, such as in equation (1),
was first given by Hosoya [2].
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From the mid-1970s, the Wiener index gained much popularity and, since
then, new results related to it are constantly being reported. For a review, his-
torical details and further bibliography on the chemical applications of the Wie-
ner index (see [3-5]). Results on the Wiener index of trees and hexagonal systems
were summarized in [6-8].

In the present paper, we study the Wiener indices of (n,n)-graphs, i.e., sim-
ple and connected graphs with n vertices and n edges, and characterize the
graphs with the first three largest and smallest Wiener indices among all the
(n,n)-graphs.

2. A new formula for calculating the Wiener indices of (n,n)-graphs

Let G = (V, E) be an (n,n)-graph with its unique circuit C,, = v{vy... v,V
of length m, Ty, T, ..., Tx(0 < k < m) are all the nontrivial components (they
are all nontrivial trees) of G — E(Cy,), u; is the common vertex of 7; and C,,,
i = 1,2,...,k. Such an (n,n)-graph is denoted by C,'"“> " (T\, T», ..., Ty).
Specially, G = C, for k = 0. And if k = 1, we write C,,(T}) for Cy'(T}); and
Sp+e for C3'(S,—2). Let n(Ty) = li+1,i =1,2,... .k, then [ =} + 1+ -+ =
n—m.

For calculating the Wiener indices of (n,n)-graphs, we need the following
result of the Wiener indices of P, and S,,.

n—+1

3
of order n and ), is the star of order n. If T is any tree of order n different from
P, and S, then

Lemma 1. ([7]). W(P,) = and W(S,) = (n — 1)%, where P, is the path

W(S,) < W(T) < W(P,).

The following lemma can be proved easily.

Lemma 2. Let C, be the circuit of order n, u is a vertex on C,. Then

1,2 if n is even,

dc, () = {;1‘1(”2 — 1), ifnis odd.

%n3, if n 1s even,

W(Cy) = < gn(n?—1), if nis even.

Now, we give a new formula for calculating the Wiener index of (n,n)-graphs.
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Theorem 3. Let G = C,,""> """ (T, T», ..., T¢) be an (n,n)-graph. Then

k k
W(G) =W (Cp) + (1 —m)o+ (m—1) D o+ > W(T)

i=1 i=1

k=1 k
-1-2 Z (iwj + liljdc,, (ui, uj) +ljw;),
i=1 j=i+1

where [; =n(T;) — 1, w; =dr;(u;), i =1,2,...,k, o =dc, (), u € V(Cp).

Proof:  We divide the distances between the vertices of G into the following
four groups:

(1) the distances between the vertices of C,,; (ii) the distances between a ver-
tex of C,, and a vertex of T; — {u;}; (ii1) the distances between the vertices of
T; —{u;}; (iv) the distances between a vertex of 7; —{u;} and a vertex of T; —{u },
where i # j.

(1) The sum of distances between the vertices of C,, is the Wiener index
W1 = W(Cyp).

(i) The sum of distances between a vertex of C,, and a vertex of T; — {u;} is

5
I
M~

I

R
=
m
9

Z dG(x’y)

m YET;—{u;}

> lde(x,uj) +dg(ui, y)l
T —

m YET;—{u;}

[lidc,, (x, u;) + w;]

Il
M~

I

—_
=
m
)

Il
M=

I
—_
=
m
Q
3

Il
M~

Il
—_

[liw+ mw;]
k

=n—-—mw+m o.
i=1

(i) The sum of distances between the vertices of 7; — {u;} is W3 =
SILIW(T) — il

(iv) Let W4 be the sum of distances between a vertex of 7; — {u;} and a
vertex of T; —{u;}, where i # j. Vx € T; —{u;}, Vy € Tj —{u}, we have

dg(x,y) =drg;(x, ui) +dc,, (ui, uj) +dr;(uj, y).
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and

> D deteyy = > > ldr(eup) +dc, (uisu))

xeTi—{u;} yeTj—{u;} xeTi—{ui} yeTj—{u;}
+dr; (uj, y)]
=liw; +1iljdc, (ui,u;) +1jw;.

So,

k-1 k

Z z (liwj + liljdc,, (ui, uj) +1jw;).
i=1 j=i+1
And

W(G) =W+ Wo + W3+ Wy
k k

=W(Cpn) + 1 —mao+m—1) 3 o + 3 W(T))
i=1 i=1

+ Z Z (liwj + liljdc,, (i, uj) +ljw;).
i=1 j=it1

Note that n — 1 < dr(u) < %n(n —1) for any tree T of order n and a vertex u of
T, with the left (or the right) equality if and only if 7 = S, and u is the center
of S, (or T = P, and u is a pendent vertex of P, ). Using lemma 1 and theorem
3, we have

Corollary 4. Let G = Cp""> " (S) 41, Sty 1s « -+ s Spt1), Ga = Co 2" (P 41,
Pit1, ..., Pyy1), where uy, us, ..., ux are the centers of Sy 41, Siy415 -+ -5 Si+1,
respectively, in Gy; and uy, us, ..., u; are the pendent vertices of P, 11, P11, ...,
Py, 1, respectively, in G,. Then

W(G1) < W(G) < W(G2)
for any graph G = Cp,/""> " (T\, T», ..., Ty) and n(T}) =1; +1,i =1,2,...,k
with the equality on the left (or on the right) if and only if G = G| (or G = G»).

3.  The (n,n)-graphs with the first three smallest Wiener indices

In this section, we characterize the (n,n)-graphs with the smallest, the sec-
ond smallest and the third smallest Wiener indices among all the (n,n)-graphs.

Lemma 5. Let G1 = C,)""> """ (S, 11, Sip41. ... Spp) and [ = n(T) — 1, i =
1,2,.... k. If Kk > 1, then

W(G1) = W(C, (Si41))
with the equality if and only if G| = C,; (Si41), where | = [} +lh+- - -+l = n—m.



64 Z. Tang and H. DenglThe first extremal Wiener indices

Proof. By lemma 1 and theorem 3, we have

k k
W(G) =W(Cn) +(n—m)o+m—1)Y L+ 317
i=1 i=1

k—1 k
+ > > Wilj+Lildc, (ui,uj) + 1)
i=1 j=i+1
k—1 k
=W(ECn)+ 0 —mo+m—DI+2+> > Lildc, ui u;)

i=1 j=i+1
> W(Chp) +(n—mo+ (m— 1) +12
= W(Cpn' (Si4+1))

with the equality if and only if k = 1, i.e., G| = Cp) (Si41).
Lemma 6. If m > 3, then W(Cy)' (Sy—m+1)) > W(C,' | (Sp—m42)).

Proof. From theorem 3, it is known that

W(Cpl! (Su—m+1)) = W(C," | (Su—m+2))
= [W(Cn) + (n —m)dc,,(u) + (m — 1)(n —m) + W(Sy—pm+1)]
—[W(Cpn-1)+ (n—m+ Ddc,_, )+ (m —2)(n —m+1) + W(S—ms2)].

If n is odd, then, by lemmas 1 and 2, we have
W(Ch (Sp—m+1)) — W(C,lf,l_l (Sn—m+2))

= [%m(mz — D+ %(n —mym> =1+ m—Dn—m)+ (n— m)2]

4
1 3, 1 3 7

=—-mn—_-m-"+-m——-n+ -

2 8 2 2 8

= ! 2y lt 1 + ! 3t (where 1 = )
—3" T2 T8 T2 —non
>0 (since m > 3 and ¢t > 0).

- |:%(m—1)3 + l(n—m-l—l)(m—l)2 +m-2)(n—-m-+1)+ mn—m+ 1)2:|

If n is even, then we have similarly that
W(C, (Sp—m+1)) — W(C,I;I_l(sn—m—i-Z)) > 0.

The proof of lemma 6 is completed.

Theorem 7. Let G = C,,"">"*(T1, T», ..., T¢) be an (n,n)-graph of order n > 6.
If G % S, + e, Ca(Sy-3), €32 (82, Su-3), or C3(T,_s ), then

W (S, + ) < W(Ca(Sp-3)) = W(C3""(S2, $4-3)) < W(C3(T,_51)) < W(G)
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(a) (b) (c)

Figure 1. (a) C3(T,|_5 ); (b) C5""2"3(S2, S, $2); (¢) €572 (83, S3).

with the equality if and only if G = C3(Tnl_5 ), or G = (8, 8, 8)), Co
for n =6, or G = C3""*(S3, $3) for n =7, where C3(T)! 5 ,), C3""*"3 (82, 52, 52)
and C3""?(S3, §3) are showed in figure 1.

Proof. By calculating,
G W(G)
Sp+e —2n
C4(Sp—-3) —n—4

2
n2
C32 (82, Sp—3) ni —n—4

C3(Tnl_571) n?—n-—3

we have W(S, +e) < W(Ca(S,-3)) = W(C}"" (82, Su-3)) < W(C3(T\_5 ).

In

the following, we will prove that W(G) > W(C3(Tn1_571)) for G Z*

S+ e, Ca(Sy-3), C5"** (82, Su-3), or C3(T,_s ) and n > 8.

Case 1.
(1)

(ii)

m > 4.
If k=0, then G = C,,.
If n is even, then, by lemma 2, W(G)—W(Cg(Tnl_S,l)) = %n3—(n2—n—3)
= £(n3 —8n%+8n+24) = §(n —4)(n* —4n —8) — 1 > 0 with the equality
if and only if n = 6.
If 7 is odd, then, by lemma 2, W(G) — W(C3(T,\_s ) = gn(n? — 1) —
n?—n-23)
=2 =8>+ Tn+24) = {[(n —H(n> —4n —9) — 12] > 0 for n > 7.
If k > 1, then, by corollary 4, we have W(G) > W(G) with the equality
if and only if G = G, where

G = Cpl "2 " (S 1, Sttt -+ Sp+1)

l=L1+b+- -4+l =n—m.
By lemma 5,

W(G) = W(C, (Si+1)) = W(C,! (Sp—m+1))
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Un—5 Up—4 Up—3

Figure 2. Tnl_6 | with order n —3 and > 7.

with the equality if and only if G| = Cp' (S;41).

So, W(G) = W(Cy' (Si+1)), with the equality if and only if G = Cp (Si41).
From m > 4 and lemma 6, we have W(Cy,' (Sy_n+1)) = W(C5(S,_4)). Then

W(G) > W(C5(Sy-4)). But W(C5(S,—4)) = n* +2n — 15 > W(C3(T,_5 ). So,

W(G) > W(C5(T,) 5 ).

Case 2. m =4.

(1) If kK = 1, we note that S,,_3 and TnL6 | (see figure 2) are the trees with
the smallest and the second smallest Wiener index, respectively, among
all trees of order n — 3 in [10]. By theorem 3, we have

W (Cy (T1) = W(Ca) + (n — 4)dy(C4) + 3dyy (T1) + W (T1),
W(Cy' (T)_¢ ) = W(Ca) + (n — Dy (Cq) + 3y, (T, ¢ ) + W(T,_g ).

where u; is the vertex v,_s with the maximum degree in Tn1_6’1, Ty 18
a tree of order n — 3. Since, G Z C4(S,_3), CZ”(Tl) Z C4(S,_3), and
du (T1) 2 duy (T) g ).

W(Ca(Sn-3)) < W(Cy" (T, 1)) < W(Cy' (T).

And, W(Cy\(T,) ¢ ))—=WI(C3(T, 5 ) =n*~9—(n*—n—3) =n—6> 0.
So,

W(C4(Sp-3)) < W(C3(Tn]_5,1)) < W(CZ](T,,I_M) < W(C,' (T)).
(i1) If k = 2, then, by corollary 4, we have
W(Cy " (T1, T2)) = W(Cy""*(Siy+1. Sip+1))

Using theorem 3, we have

W(C, " (St 41, Sip41) = n?> —n—4+all,



(iif)

(iv)
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where @ = 1 if 4| and u, are adjacent in C4; otherwise o = 2.
W(C,""(S141, Sip41)) — W(C3(T,,l_5,1)) =alilh —1>0.

So, W(Cy""*(Ty, T») > W(C3(Tn1_5’1)).

If k = 3, then, by corollary 4, we have

W(C, " (T, Tr, T3)) = W(C," ™ (S 41, Sipt1, Si11))-

In the following, we prove that W(C,""*"** (S} 41, Sp+1, Sip4+1)>W(C3
(T, _s)-

Wlthout loss of the generality, we assume that u, is adjacent to u; and
u3 in Cy.

By theorem 3,

W(C "3 (S 41, Sptts Siya) =n* —n — 442113+ 11 + b3

(‘))V(Cu1 (S 41, Sttty Sa1) = W(C(T) s ) = 2hils+hily+hl3—1 >
And W(C"""(T1, Ty, T3)) > W(C5(T,_ ).

If k = 4, then, by corollary 4, we have

W(C, 2" (T, T, T3, Ty)) = W(C, " (S 410 St 1y Sigt1s Sig+1))-

Using theorem 3,
W(C " 3 (S 1, Sty 1 Sty 1 Sty 1)) = n? —n—4420 13+l + i3 +2Dly.
W(C, " (S 410 St 15 Sit15 Siy41) — W(C3(T,,1_5,1))
=211z + l1lh + Iz +2bl4 — 1 > 0.

So,
Case 3.

(M)

(ii)

W (Cy "2 (T, Ty, T3, Ty)) > W(C3(T, s ).
m = 3.

If £ = 1, we know from [10] that T1 5.1 1s the tree with the second
smallest wiener index among all trees of order n — 2. For any tree T
of order n — 2, if T Z£ S,,_», n—5 |» then, by theorem 3, we can prove
similarly as W(C”l(T1 6.1) < W(C,'(T1)) in case 2 (i) that
W(C5(T, 5 ) < W(c‘“(T))

If k = 2, then, by corollary 4, we have

W(G) = W(Cy"™ (S 41, Sipt1).

Now, we compare W (C3""*(Sy, 11, Si,+1)) with W(C5 (T, 5 ).
From theorem 3,

W(C3" (St 41, Sip41))
= W(C3) +2(n —3) + 2y + 1) + (3 +13) + 311
=34+4n—-3)+n -3+ 11
= n2 —2n+ 4Ll
>n2—n—4(since h+b=n-3and [ >21,L>1)
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with the equality if and only if [y =1, b, =n—-4orlj =n—4,1hb = 1.
If [y > 2 and I, > 2, then

W(CH (S 11, 1)) = n? = 10> n® —n — 3 = W(C3(T,_5 )
with the equality if and only if » =7 and [{ =1, = 2. So, we have
W(CS"" (St41 S1) > W(C3(T,,l_5,1)) > W(C5"" (82, 84-3))

for n > 8 and W(C3(Tn1_5’1))) = W(Cy"" (83, $3)) for n =17.
(ii1) If k& = 3, then, by corollary 4, we have
W(G) = W(C3""“ "3 (8141, Siy+1. Sip+1))
From theorem 3,

W(Cgl’uz’ln (Sll-i-lv Slz-‘rl’ Slz-l—l))
=W(C3) + (n—3w+2(1+h+13)+ (li + 13 +13) 4+ 3Ll + Lz + bl3)
=W({C)+m—3)o+2n—3)+ 0 —3)+ (1l + 4Li5+ Dl3)
=n?=2n+ (i, + L1z + hl3).

W(C3"" (S 410 Sht15 Si311)) — W(C3(Tnl_5,1)) =hbh+hLl3+hblz—n+320

with the equality if and only if Iy = I = I3 = 1 (and then n =
6).

Summarizing above, we have
W(G) = W(Cy (T, _5.)) > W(C3""2(S2, $4—3)) = W(Ca(Sp-3)) > W(Sy + ¢)
with the equality if and only if G = C3 (Tnl—s,l)’ or G = """ (82, 82, 52), Ce
for n =6, or G = Cy""* (83, 83) for n =7.
4. The (n,n)-graphs with the first three largest Wiener indices
In this section, we characterize the (n,n)-graphs with the largest, the second

largest and the third largest Wiener indices among all the (n,n)-graphs.

Lemma 8. Let G = Cp """ (P41, Py, - - -5 Pt1). If k > 1, then W(G2) <
W(Cp' (Pi41)) with the equality if and only if G, = C,!(Pi41), where [ = I} +
h+-+Il=n—m.
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Proof. By lemma 1 and theorem 3, we have

W(C,',Z‘ (Pr+1)) = W(G2)

:(W(Cm)+(n—m)a)+(m—l)(1+2+--.+1)+(l-i3-2))

S L(li+2
“\WECw+m=—mo+m—13A+2+ )+ > (",
i=1 i=1

k-1 k
+ XX L+ 24+ 1) + iljde, (i, uj) + (1 +2+-~+1,~)])
i=1 j=i+1

k k
=(m—1) [%1(1 +D =35> L+ 1)} +i [(13 +30% + 21)—Z(lf+3li2+2l,-):|
i=1 i=1

k=1 &k
=3 > 3Ll + D)+ Lilde, (i, uj) + 311 + D]

i=1 j=i+1
k=1 &k k=1 k
= (m — 1)( > 2 lilj) + 2 Llil— > > liljde, (ui,uj)
i=1 j=i+1 i jit i=1 j=i+l1
(where the summation Zi’j,t goes over all 7, j,t of 1,2,...,k and i, j, ¢

are not equal each other.)

k—1 k
= zlll]ll+z Z lllj[(m—l)—dcm(”z,”])]
i,j,t i=1 j=i+l
> 0.

with the equality if and only if k = 1, (ie., Gy = Cp'(P41)) or k = 2 and
dc, (u1,uz) =m — 1, but dc, (u1, u2) =m — 1 is not possible.

Theorem 9. Let G = C,,"">""*(Ty, T», ..., Ty) be an (n,n)-graph of order n > 6.
If G 2 C3(P,—2), C4(P,_3), then

W(G) < W(C3'(T(n =5, 1, 1)) < W(Cq(Pyr3)) < W(C3(P,-2))

with the equality if and only if G = Cy' (T (n—5, 1, 1)), where C;" (T (n—5,1, 1))
is showed in figure 3.
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U

Figure 3. C3'(T(n — 5.1, 1)).

Proof. By calculating,

G W(G)
C;'(T(n—5,1,1) +(®3—13n+30)
Cs(P,_3) §(n3 —13n 4 36)
C3(Py-2) 6(1’13 —Tn+12)

we have W(C;”(T(n —51,1) < W(C4(P,—3)) < W(C3(P,_2)).
Casel. m > 5.

(1) If k=0, then G = C,.
If n is even, then, from lemma 2,

W(G) — W(C' (T(n — 5,1,1)) = gn® — {3 — 13n + 30) =
— L (n = 52n + 120) = — 4 [n(n — 8)(n + 8) + 121 + 120] < 0 for n > 6.

If n is odd,
W(G) =Wy (T(n—5,1, 1) = tn(n®—1) = L(n® = 13n+36) = — 5 (n*
— 497 + 120) = — s [n(n — 7)(n +7) + 120] < 0 for n > 7.

(i1) If £ > 1, then, by corollary 4 and lemma 8, we have
W(G) < W(C,! (Pu—m+1))

with the equality if and only if G = Cy' (Py_ps1)-
Now, we prove that W(Cy' (Py—m+1)) < W(C' (T(n —5,1,1))) for m > 5.
If m is even, then m > 6. By theorem 3, we have

1 3 5
w (C,'Zl(Pn—erl)) = 3 |:n3 + (—Em2 +3m — l) n—+ (Zm3 —3m? + m)i| .
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W (C5(T(n = 5,1, 1)) = W(Cp! (Pa—m1)

1 1 3 5
= g(n3 — 13n + 30) — ¢ |:n3 + (—Em2 + 3m — 1) n+ (Zm3 — 3m? +m):|

1 3 5
= ¢ |:(§m2 —3m — 12)11 — (st — 3m? +m — 30):|

= %(m —4)(m +2)n — %[(m — 4)(5m? + 8m + 30) + 6m]

> %(m &) (m + 2m — %[(m — 4)(5m? + 8m + 30) + 6m]

— 1 2
= 55 (m = H)lm +2)> =401 — 1 > 0

So, W(C3'(T(n — 5,1, 1)) > W(Cp (Py—m+1)-
If m is odd, then

1 3 5
W(CH (P = ¢ [n3 n (‘5’”2 - 1) - (Z’”3 _am? m)]

1 +1
1" 8m.

W(C (T(n —5,1,1) = W(Cp (Py—m+1))

1 1 3 5
:g(n3—13n+30)—6|:n3+(—§m2+3m—1)n+(zm3—3m2+m):|

1 1 1 3, 5 3 )
+Zn—§m>6|:(§m —3m—12)n—(zm —3m +m—30)]>0.

So, W(C3'(T(n —5,1,1))) > W(Cp! (Pa—m+1)-

Case 2. m =4.

Calculating by theorem 3, we have

W(Cy (T(n—6,1,1)) = t(n3 — 19n + 54).

So, W(C{"(T(n—5,1,1))) > W(C,(T(n— 6, 1, 1))).

Note that T(n — 6, 1, 1) is the tree with the second largest Wiener index
among all trees of order n — 3 from [9].

If k=1, and T} Z P,_3, then d7, (1) < dru—s6,1,1)(u1), where Tj is a tree of
order n — 3, u is any vertex of T, u; is the pendant vertex with the largest dis-
tance from the maximum degree vertex in T(n — 6, 1, 1). By theorem 3, we have

W(C,'(T(n—6,1,1)) > W(C{(T1)).

If k =2, then, by corollary 4, we have,
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W(G) < W(C, " (P41, Pg1)).
W(CY"" (P41, Pg)) — W(C, (T (n—6,1,1)))
= S0+ D+ 1+ D1+ 10+ 21+ Dl + G2 + 20 + D)
+%[1112(12 + 1) +alily + bl 4+ 1] — B(n —5(n—2)+ é(n3 —19n + 54)]
= é[(ll +1)3 + 120 + 1) + 113 + 1) — (18 — 6a)ljl5] — é(n3 +9n% — 82n + 144)
- é[(n — 3L 12— D2+ 11(n —4) — (18 — 6)l15] — é(n3 + 912 — 82n + 144)
= —é(9n2 — 450 + 60 + (18 — 6a)l l») < 0.

(where o = 1 if u; and u, are adjacent; otherwise o = 2)

So, W(C,""*(Py 11, P11)) < W(C, (T (n — 6,1, 1))).

If k =3 or k =4, then we can similarly see that
W(Cgl’ZZ’T(MPZIH, Pi1, Pryg1)) < W(C, (T (n —M6, 1, 1)), or
W(C, "> (Pt Posts Pygts Piy1)) < W(C, ' (T(n— 6,1, 1))

Case 3. m =3. Then 1 <k < 3.

If k =1, then Ty # P,—2, T(n—5,1,1) since G = C3'(T1) Z C3'(Py—2),

Cy'(T(n—5,1,1)). By theorem 3,
W(CYH(T1)) = W(C3) + (n — 3w + 2d7, (u1) + W (T}).

Note that T(n — 5,1, 1) is the tree with the second largest Wiener index
among all trees of order n — 2 from [9], and T} Z2 T(n — 5,1, 1). Then W(T (n —
5,1, 1) > W(Ty), and dr(,—5,1,1)(u1) > dr(u1). So, W(Cg](T(n -5 L) >

W(C3' (T1)).

If k = 2, then, by lemma 8, W(G) < W(C3""*(P; 11, Pi,+1)) with the equal-

ity if and only if G = C3""*(Py 11, Piy41).

W(C3"" (P41, Pt1)) — W(C (T(n — 5,1, 1)))
= W(C3) + (n = 3w+ 2dp,  (u1) + 2dp, . (u2) + W(P 1) + W(P,41)
—[W(C3) + (n — 3o + 2drp-s51,1)(u1) + W(T'(n =5, 1, 1))]
= 2dp, (1) + 2dp, . (u2) + WPy 11) + W(Ppy1)
—2drp—s1.yu — W(T(n -5, 1, 1))).

1 1
=L +D)+hbL+1)+ 8(113 1)+ 8(113 1)
1
—(n-=2)(n—4) + 8(713 — 6n° + 6n + 22)

1
= (0= 6h1=3)
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W(C3"" (P41, Pot1)) < W(C3H(T (n — 5,1, 1)) since [ + 1, =n — 3, and
min{lihb|li +bh=n-3,1 21,1 > 1} =n —4.

If k = 3, then, by lemma 8, W(G) < W(C3""*"*(Py 11, P41, Py11)) with
the equality if and only if G = C3"">"3 (P41, Pot1, Pry41)-

From theorem 3, we have

uyr,ur,u 1
W(C3"" (P 1, Pt Piyy1) = 6(”3 — 12n + 27 — lilhl3) — L1l — Dl — 1115.
WA(C3H(T (0 = 5.1, 1)) = W(C"™ " (P, Pyt Piye1))

1 1
= 6(n3 —13n +30) — |:6(n3 —12n 427 = 1ihbly) — L1y — bl3 — 1113]

1
= 8(111213 —n+3)+ 4L+ bis+ 143

W(CN(T(n — 5,1, 1)) > W(C"" (P41, Ppy1, Pag1)) since n — 3 =
1 + 1+ 13 and [y, [», I3 are positive integers.
Summarizing above, we have

W(G) < W(C3' (T(n—=5,1,1))) < W(Ca(Pr—3)) < W(C3(P,-2))

with the equality if and only if G = C;'(T(n — 5,1, 1)).
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